Abstract. Hoffmann-Ostenhof's Conjecture states that the edge set of every connected cubic graph can be decomposed into a spanning tree, a matching and a 2-regular subgraph. In this paper, we show that the conjecture holds for claw-free cubic graphs.
Introduction
Graphs are finite without loops and multiple edges throughout this paper. Let G be a finite undirected graph with the vertex set V (G) and the edge set E(G). For a vertex v ∈ V (G), the degree of v in G is denoted by d G (v). An edge joining vertices u and v is denoted by uv. Here, N G (v) denotes the set of all neighbours of v. The complete graph of order n is denoted by K n . The complete graph on four vertices minus one edge is called a diamond. A graph is cubic in which all vertices have degree three and a subcubic graph is a graph in which each vertex has degree at most three. A graph is claw-free if it has no induced subgraph isomorphic to K 1, 3 . A cycle C is called chordless if C has no cycle chord. For every S ⊆ V (G), the graph obtained by removing all vertex in S and all associated incident edges is denoted by G \ S. If X is a subset of the edges, then G \ X is the graph obtained by removing all edges in X from G. A cut-edge of a connected graph G is an edge e ∈ E(G) such that G \ e is disconnected. Now, we adopt some terminology from [6] in which we need for the proof of the main theorem. For convenience, we repeat their definitions here. Let k ≥ 2 be an integer, a diamond-necklace N k with k diamonds is a connected cubic graph constructed as follows. Take k disjoint copies D 1 , D 2 , . . . , D k of a diamond, where V (D i ) = {a i , b i , c i , d i } and a i d i is the missing edge in D i . Let N k be obtained from the disjoint union of these k diamonds by adding the edges {d i a i+1 | i = 1, 2, . . . , k − 1} and adding the edge d k a 1 , see Figure 1 .
by removing the diamond D k+1 and adding a triangle T with V (T ) = {a, b, c}, and adding two edges ba 1 and ad k , see Figure 1 .
. . , D k of a diamond by adding the edges {d i a i+1 | i = 1, . . . , k − 1}. After that we add two disjoint triangles T 1 and T 2 and add one edge joining a 1 to a vertex of T 1 , and one edge joining d k to a vertex of T 2 , see Figure 1 . 
The following conjecture was posed in [7] and appeared as a problem in BCC22 [5] :
Hoffmann-Ostenhof 's Conjecture. Let G be a connected cubic graph. Then the edges of G can be decomposed into a spanning tree, a matching and a 2-regular subgraph.
Note that the spanning tree or the 2-regular subgraph cannot be empty, however the matching may be empty. An edge decomposition of a graph G is called a good decomposition, if the edges of G can be decomposed into a spanning tree, a matching and a 2-regular subgraph. A graph is called good if it has a good decomposition. Throughout, we use {T, M, O} to denote the spanning tree, the matching and the 2-regular subgraph of the good decomposition of G, respectively. Hoffmann-Ostenhof's Conjecture is known to be true for some families of cubic graphs. Kostochka [9] showed that the Petersen graph, the prism over cycles, and many other graphs are good. Bachstein [4] proved that every 3-connected cubic graph embedded in torus or Klein-bottle is good. Furthermore, Ozeki and Ye [10] proved that 3-connected cubic plane graphs are good. Akbari et. al. [3] showed that hamiltonian cubic graphs are good. Also, it has been proved that traceable cubic graphs are good [1] . In 2017, Hoffmann-Ostenhof et. al. [8] proved that planar cubic graphs are good. Recently in [2] the authors proved that claw-free subcubic graphs and 4-chordal subcubic graphs have the same property. In this paper, we are interested in finding a good decomposition of claw-free cubic graphs. We prove the following theorem.
Main Theorem. Let G be a connected claw-free cubic graph. Then G is good.
Preliminary Results
In order to prove the main theorem, we need to know a few basic properties about claw-free cubic graphs.
Lemma 2.1. [6, Claim A] If G = K 4 is a connected claw-free cubic graph, then the vertex set V (G) can be uniquely partitioned into sets each of which induces a triangle or a diamond in G.
In the next two lemmas, we discuss some properties of a good decomposition of a claw-free cubic graph. Lemma 2.2. Let G be a connected claw-free cubic graph which has a good decomposition and let C be a cycle in G \ T , where T is a spanning tree of the good decomposition of G. Then C is either a triangle or the following statements hold for C:
Proof. Assume that C is not a triangle.
(i) Suppose that C contains two vertices a and b such that ab is a chord in C.
Since
, the spanning tree T does not contain a and b, a contradiction. (ii) Suppose that (ii) is false. Since G is cubic, the cycle C should pass through of 3 or 4 vertices of a diamond. It is easy to see that the spanning tree T does not contain some vertices of this diamond, a contradiction. (iii) Clearly, every vertex of a claw-free cubic graph lies in a triangle. Assume that a 1 , a 2 and a 3 are three consecutive vertices in C such that a 1 a 2 a 3 is a path. By (i), a 1 and a 3 are not adjacent. Thus it is easy to see that two consecutive vertices of every three consecutive vertices of C lie in a triangle. Note that there is no vertex in C lying in a diamond. So there are |V (C)|/2 edges belonging to triangles of G and hence |V (C)| is even.
Lemma 2.3. Let G be a connected claw-free cubic graph with the good decomposition {T, M, O}. If C = K 3 is a cycle in the 2-regular subgraph O, then for the fix edge xy of C, we can find another good decomposition such that xy belongs to either T or M .
Proof. Assume that C is a cycle in O containing xy. By Lemma 2.2, C is an even cycle. For the convenience, let us recall x by b 1 and y by a 2 and call every triangle a i t i b i with one edge on C by C i . If b 1 a 2 does not lie in a triangle, then there are two distinct triangles C 1 and C 2 such that b 1 belongs to C 1 and a 2 belongs to C 2 . Note that t i is not adjacent to t j for i, j, where 1 ≤ i, j ≤ |V (C)|/2, otherwise we have a spanning forest instead of a spanning tree in G. Now, assume that the number of triangles with one edge on C is 2k. We change the decomposition of G such that b 1 a 2 lies in the spanning tree as follows. We con-
. . , k} as a new good decomposition into a spanning tree, a matching and a 2-regular subgraph of G. If the number of triangles with one edge on C is 2k − 1, then similar to the above argument, we change the decomposition of G such that b 1 a 2 lies in a matching. We consider
See Figure 2 (b). Now, Assume that b 1 a 2 lies in a triangle. Then consider one of incident edges with xy on cycle C and fix it. Then we apply the above method. We can see at once that xy belongs to T or M . 
Proof of the Main Theorem
Proof. We proceed by induction on the order |V (G)| = n of G. Obviously, both K 4 and the Cartesian product C 3 K 2 have the desired decompositions. Now, we divide the proof into two steps:
Step 1. Let G be a claw-free cubic graph of order n with no diamond. Let n ≥ 8 and the hypothesis holds for all claw-free cubic graphs of order less than n. Assume that v 1 v 2 v 3 is a triangle in G. Let u 1 and u 2 be the other neighbours of v 1 and v 2 , respectively. If u 1 and u 2 are adjacent, then since G is claw-free, u 1 and u 2 have a common neighbour u 3 . If u 3 and v 3 are adjacent, then G is the Cartesian product C 3 K 2 and it has a good decomposition. So, assume that x = u 3 is a neighbour of v 3 and y = v 3 is a neighbour of u 3 . It is easy to see that x = y, otherwise there is a claw in x. If x and y are not adjacent, then we put A = {u 1 , u 2 , u 3 , v 1 , v 2 , v 3 } and consider G \ A. Join x to y and call the resulting claw-free cubic graph
A is a matching and O A is a 2-regular subgraph of G A . We extend this decomposition of G A to G. It is clear that G A is connected, so we have the following three cases:
i. If xy lies in the spanning tree T A , then since the spanning tree T A saturates vertices x and y, we can consider
} as a spanning tree and a matching of G, respectively and we keep the cycles in the good decomposition of G A , see Figure 3 (a). ii. If xy lies in the matching M A , then we define Figure 3 (b).
Before we discuss the third case, we need the following claim.
Claim 1. Let C be a cycle in G
A containing xy, then |V (C)| > 3.
Proof. Assume that |V (C)| = 3, then there is
Note that if a 1 and a 2 are same, then there are claws in G. Since G is cubic, t 1 can be adjacent to at most one of the two vertices a 1 and a 2 . Therefore G has at least one claw containing x or y, a contradiction. So |V (C)| > 3 and in particular xy is not in a triangle in G A .
iii. If xy lies in the cycle, then by Claim 1, |V (C)| > 3 and hence by Lemma 2.3, this case will be converted to either Case i or Case ii. 
. For extending this decomposition of G B to G, we make slight changes in some cases for when G B is connected. Now, we investigate those cases here. We remove xy and wz from the decomposition of G B . In Case 1, a good decomposition of G is obtained by adding the set of edges
In Case 2, we add the set of edges
B to obtain a spanning tree and a matching in a good decomposition of G. We keep the cycles in the good decomposition of G B . In Case 3, by adding the set of edges {xv 1 , v 1 v 2 , v 2 y, v 2 v 3 , v 3 u 3 , u 3 u 2 , u 2 u 1 , u 1 w} to T B \{xy} and {v 1 v 3 , u 1 u 3 , u 2 z} to M B \ {wz}, we obtain a good decomposition of G. Other cases are similar to Cases 4-6 that the graph G is 2-edge connected. Note that by applying the proof of Claim 1, we can deduce that G B has no diamond.
Step 2. Let G be a claw-free cubic graph of order n ≥ 8 with at least one string which contains k ≥ 1 diamonds. First, assume that G is a diamond-necklace with k ≥ 2 diamonds. Because G is hamiltonian, according to the proof of Theorem 9 in [3] , G has the desired decomposition. Now, assume that G is a claw-free cubic graph of order n containing a string of at least two consecutive diamonds. Without loss of generality, consider a string of the maximum number of diamonds with starting and ending vertices w and z. It is easy to check that w = z. By Lemma 2.1, w and z belong to triangles or diamonds. If at least one of w or z belongs to a diamond, then it leads to a contradiction with our assumption on the maximum number of diamonds in string. Now, we consider the following cases: a. Let w and z belong to a common triangle. That is, we have a diamondbracelet B k in G. b. Let w and z belong to two distinct triangles.
Since the proof of both cases are similar, we prove only part (a) and the proof of part (b) is left to the reader. we consider G \ {a i , b i , c i , d i | i = 2, . . . , k} and then join d 1 to z. Let us call this new graph G . By induction hypothesis, G has a good decomposition {T , M , O }. We extend this good decomposition to G. If d 1 z lies in the spanning tree T , then we define Figure  6 . Now, let us consider the case in which d 1 z lies in a cycle. Since G is cubic, the edge wa 1 lies in every possible cycle containing d 1 z in the decomposition of G . It is easy to check that of a 1 , b 1 , c 1 and d 1 are not covered by the spanning tree of G , a contradiction. Here, we examine the case in which G has only one diamond. First, assume that w Figure 7 . Assume that wz lies in a cycle C, by Step 1, the graph G has a good decomposition {T , M , O }. It is obvious that |V (C)| > 3. So by Lemma 2.3, we can convert this case to previous cases, that is the cases that wz lies in either a spanning tree or a matching. Now, assume that w and z are on a common triangle. Assume that u is a common neighbour of w and z. Let another adjacent vertex to u be x. It is obvious that xu is a cut-edge of G. Assume that G x is a connected component of G \ {xu} containing x. Since G x is a connected claw-free subcubic graph, by [2, Theorem 2.1], the graph G x has a good decomposition {T x , M x , O x }. Now, we extend this good decomposition to G. Add the set of edges {xu, uw, uz, wa 1 , zd 1 , d 1 c 1 , d 1 b 1 } to T
x , wz to M x and the triangle a 1 b 1 c 1 to O x to obtain a good decomposition into the spanning tree, the matching and the 2-regular subgraph of G, see Figure 8 .
Remark 3.1. Note that in the main theorem, the matching M can be empty. We can see at once that the main theorem does not hold for subcubic graphs, a cycle is a counterexample.
